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Abstract. This paper continues our exploration of homology cobordism of 3-manifolds using 
our recent results on Cheeger-Gromov p-invariants associated to amenable representations. We 
introduce a new type of torsion in 3-manifold groups we call hidden torsion, and an algebraic 
approximation we call local hidden torsion. We construct infinitely many hyperbolic 3-manifolds 
which have local hidden torsion in the transfinite lower central subgroup. By realizing Cheeger- 
Gromov invariants over amenable groups, we show that our hyperbolic 3-manifolds are not pair- 
wise homology cobordant, yet remain indistinguishable by any prior known homology cobordism 
invariants. Additionally we give an answer to a question about transfinite lower central series 
of homology cobordant 3-manifold groups, asked by T. D. Cochran and M. H. Freedman. 



1. Introduction 

We investigate low dimensional manifolds via homology cobordism. Recall that two 
closed 3-manifolds M and M' are (topologically) homology cobordant if there is a 4- 
dimensional topological cobordism W between M and A/' satisfying H^,{W,AI) = = 
HifiW^M'). One can consider homology with twisted coefficients as well. We apply 
our recent results concerning the homology cobordism invariance of Cheeger-Gromov p- 
invariants |C012) and utilizing a new form of torsion in manifolds groups we call local 
hidden torsion. 

Numerous central problems in low dimensional topology are special cases of the prob- 
lem of classifying homology cobordism types. Concordant knots in a three manifold, M, 
have homology cobordant exteriors, with coefficients in the group ring ZttiM [CS74j . 
Hence, to classify knots up to concordance we can understand homology cobordism of 
three manifolds. Casson and Freedman showed the knot slice problem contains "univer- 
sal" four dimensional topological surgery problems whose positive solution would yield a 
classification theory for topological four manifolds |CF841 |FQ90| . Levine embedded the 
mapping class group, that is the group of isotopy classes of surface difFeomorphisms, in 
the monoid of homology cobordism classes of the mapping cylinders associated to surface 
diffeomorphisms (see [LevOlj for one boundary component case, |CFKllj for the general- 
ization to the multi-boundary component case). Hence, computing homology cobordism 
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classes of three manifolds potentially detects surface homeomorphisms and the mapping 
class group. (See also |GS[ IGSlli ICFKll] .) And new results distinguishing smooth 
and topological knot concordance give a laboratory for experiments in four dimensional 
smoothing theory. 

1.1. Hidden torsion and main results 

Given a 4-dimensional homology cobordism W of M, the fundamental groups of these 
manifolds relate in subtle and poorly understood ways. In this paper, we exploit a new 
type of torsion we call hidden torsion in a manifold, and use that torsion, along with 
recent results from [CO 12) . to compute Cheeger-Gromov p-invariants as obstructions to 
homology cobordism. Roughly speaking, we say that a curve in a manifold M represents 
hidden torsion if the curve has infinite order in tti (M) and is essential in any homology 
cobordism of M, but some power is nuU-homotopic in some homology cobordism of M 
(Definition 12. 3p . Note that a "generic" 3-manifold has torsion- free fundamental group 
(e.g., all closed irreducible non-spherical 3- manifolds, by the Geometrization Conjecture). 

We give an algebraic version of this notion using Vogel's homology localization of 
groups (equivalently, Levine's algebraic closure of groups) which we call local hidden 
torsion. We discuss the Vogel localization of groups in Section 12.11 

Definition [2T2j Let G be a group, and G the Vogel group localization of G. An element 
g € G is local hidden torsion of G if g has infinite order in G, and nontrivial finite order 
in its image under G ^ G. 

We remark that local hidden torsion and hidden torsion, as defined above, agree for high 
dimensional manifolds. (See Theorem 12. 5p . 

We exploit local hidden torsion in 3-manifold groups to realize Cheeger-Gromov in- 
variants, which first appeared as homology cobordism obstructions in [C012j . We prove 
the following theorem, and use this theorem to construct the examples in our main result, 
Theorem O 

Theorem 1.1. There are closed hyperbolic 3-manifolds M whose fundamental group has 
local hidden torsion lying in tti{M)^. 

Here {tTq} denotes the lower central series of a group tt, and uj is the first infinite ordinal. 
Recall that {tTq,} is defined inductively by tti — tt, iTa — [n^TTa-i] for a successor ordinal 
a, and tTq, = n/3<Q ""^ fo'" ^ limit ordinal a. 

The 3-manifolds we construct have non-trivial transfinite lower central series, a phe- 
nomenon first observed and studied in [C098| . 

We use this local hidden torsion and a special case of our main theorem in |C012| (see 
Theorem l3.8p to construct the examples satisfying parts (1) and (2) of the following the- 
orem. This torsion hides within the intersection of the lower central series and underlies 
our proof of parts (3) and (4) below. 

Theorem 1.2. There are infinitely many closed hyperbolic 3-manifolds M = Mq, Mi, . . . 
with the following properties: 

(1) For each i, there is a homology equivalence fi : Mi — > M . That is, fi induces an 
isomorphism on _ff*(— ;Z). 

(2) Whenever i ^ j , Mi and Mi are not homology cohordant. 
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Furthermore, all prior known homology cobordism obstructions fail to distinguish these 
examples. In particular, 

(3) For any homomorphism (f>: 7ri(M) G with G torsion-free, the Lp' -signature 
defects (— von Neumann- Cheeger-Gromov invariants) 

P^^\M,4>) andpP\Kh,4>of,^) 

are equal for each i. In particular Harvey's pn-invariants |Har08) of the Mi are 
the same. 

(4) Similarly, the following homology cobordism invariants for the Mi are equal: 

(a) Multi- signatures (= Casson- Gordon invariants) for prime power order char- 
acters in pISTl lUmi IRub84l lURSS] 

(b) Atiyah-Patodi-Singer p-invariants for representations factoring through p- 
groups in [Lev94[ iFriOS] 

(c) Twisted torsion invariants for representations factoring through p-groups 
in [CF] 

(d) Hirzebruch-type Witt- class-valued invariants from iterated p-covers in |ChalOj 

Details and proofs are given as Propositions 15.41 15.10[ 15.71 and Theorem 15.61 
We now outline the argument. We begin with a surface bundle over a circle with 
fundamental group G = (Z*)^ x Z. Here the quotient group Z acts by negation on 
each factor of the free abelian subgroup. We compute the group localization of this 
group, and show that this group localization has non-trivial transfinite lower central 
series, and that the uj term in this series contains torsion. We construct an homology 
cobordism from our surface bundle to a new three manifold with the property that the 
image of the fundamental group of the new three manifold in its group localization 
contains some of the above torsion. Like the group localization, this new three manifold 
has non-trivial transfinite lower central series. We alter this three manifold, preserving 
it's homology type by replacing a neighborhood of a curve representing hidden torsion 
with a new homology circle, the complement of a knot, chosen to alter an appropriately 
chosen Cheeger-Gromov p-invariant of the three manifold associated to this torsion group 
element. 

The resulting homology cobordism classes of the Mi are indistinguishable via any prior 
known invariant, as stated in (3) and (4). This follows, with some work, from observing 
that the relevant local hidden torsion vanishes in the group nilpotent completion, and 
threrefore cannot be detected in any nilpotent quotient group, and in particular, in any 
p-group. Additionally, the effect of this construction along the local hidden torsion is 
invisible via any L^-signature associated to a representation to a torsion-free group. 

By contrast, the Cheeger-Gromov invariants employed to detect these examples arise 
from representations to infinite, non-nilpotent amenable groups with torsion, in which 
the local hidden torsion is not eliminated. 

Additional applications, by the first author, of the main results of |C012j exploiting 
torsion can be found in |Chaj . 

We obtain one additional result from our construction and answer a question posed 
by Cochran and Freedman (see Kirby's problem list jKir95[ Problem 3.78]): Is the lower 
central series length of a 3-manifold group invariant under homology cobordism? 

Recall that the lower central series length of a group tt is defined to be the small- 
est ordinal a satisfying tTq = tTc+i. Lower central series quotients tt/tt^, q finite, are 
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preserved under homology cobordism by Stallings's Theorem |Sta65) . Therefore, one 
must consider 3-manifolds with transfinite lower central series length. In |C098[ Propo- 
sition 9.1], Cochran and the second author considered an algebraic analogue formulated 
for finitely presented groups and gave a negative answer. We give a 3-manifold group 
counterexample. 

Theorem 1.3. There are two homology cobordant closed 3-manifolds with fundamental 
groups of differing lengths, one having length uj, and the other length > uj. 

Convention. In this paper all manifolds are assumed to be oriented and compact. 

Acknowledgments. The authors thank the anonymous referee for detailed comments. 
The first author was supported by National Research Foundation of Korea (NRF) grants 
funded by the Ministry of Education, Science and Technology (No. 2010-0029638 and 
2010-0011629). The second author was supported by NSF grant DMS-0707078, and 
Simons Foundation grant 209082. 

2. Homology localization and hidden torsion 
2.1. Homology localization of groups 

First introduced by Bousficld [B ou75j , Vogel modified the construction of homology lo- 
calization, and with keen insight, revealed its fundamental role in the study of manifold 
embeddings |Vog78| . For groups, Levine's theory of algebraic closures provides a very 
influential algebraic approach to the homology localization [Lev89b', Xev89aJ . (For re- 
lated works, se e, e.g., |LD88j |\^g78l [Cha08, CH05, Sak06, ChalO, Cha09, C OTllCHTOl 
l(;ut79llIfeHT2] .1 

The homology localization we use in this paper is a specific case of Vogel's more 
complicated general theory in |Vog78| , and follows the combinatorial approach introduced 
in |Lev89a[ ILev89b[ ILev92] , suitably modified to remove the normal closure condition 
used therein. Explicit definitions that precisely fit our purpose first appear in |Cha08) 
and |C012| . For the reader's convenience, we recall these: 

Definition 2.1. Let i? be a commutative ring with unity. 

(1) A group homomorphism a: tt — > G is called R-homology 2-connected if / induces 
an isomorphism on Hi{—;R) and a surjection on H2{—;R). We denote by il^ 
the collection of a : tt — G with tt and G finitely presented and a i?- homology 
2-connected. We simply say a is 2-connected when R = Z. 

(2) A group K is R-local if for any a : tt — ;> G in Vl^ and for any homomorphism 
/ : TT — ^ K , there is a unique homomorphism g: G ^ K satisfying g o a = f. 

(3) The Vogel-Levine R-homology localization of a group G is a group G endowed 
with a homomorphism pQ : G G such that G is i?-local and pc is universal 
(initial) among morphisms with this property. That is, for any f : G ^ K with 
K local, there is a unique g: G K satisfying g o pQ = /. 

One knows that for any group G there exists unique {G,pg) satisfying the above. 
(For a proof, e.g., see (Cha08j .) Useful consequences of Definition 12.11 are the following 
properties: 

(1) The association G >->■ G is a functor. 
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(2) {pg} is a natural transformation. 

(3) Any a: tt ^ G in ft^ gives rise to an isomorphism a : tt — ^ G. 

In this paper homology localization always refers to the group localization in Defini- 
tion HT] 

A homology equivalence induces a two-connected homomorphisni between funda- 
mental groups. Hence, and central to applications to manifolds, a homology cobor- 
dism W between manifolds Mi,i = 0,1, determines inclusion- induced isomorphisms 

2.2. Hidden torsion 

Local hidden torsion is an often more accessible homological approximation to hidden 
torsion, suitable for some applications, including the primary application of this paper. 
We prove in Theorem 12.51 below that hidden torsion and local hidden torsion agree in 
high dimensional manifolds. This intrinsically low dimensional distinction deserves more 
extensive examination in a future paper. 

We recall the definitions from the introduction: 

Definition 2.2. Let G be a group, and G the homology localization of G. An element 
g G G is local hidden torsion of G if g has infinite order in G, and nontrivial finite order 
in its image under G ^ G. 

Definition 2.3. For a manifold M, an element g e 7ri(M) is called hidden torsion of 
M a g has infinite order in 7ri(M) and is essential in any homology cobordism W of M, 
but for some homology cobordism W of M, the image of g in niiW) has finite order. 

We remark that if g G tti (M) is hidden torsion, then for any N homology cobordant 
to M, there is a homology cobordism W between M and N satisfying the following: 
the image of g in niiW) has finite order. This follows from the obvious fact that if V 
is a homology cobordism with dV = M U —N and V is a homology cobordism with 
dV' = M U -M' via which g e 7ri(M) is hidden torsion, then W = V Um' -V Um V' is 
a homology cobordism from M to N. 

The following hidden torsion example in a hyperbolic 3-manifold may be viewed as a 
geometric analogy to the fact that an element 17 in a group G may have infinite order 
even when its homology class [g] e -ffi(G) has nontrivial finite order. 

Example 2.4. Suppose if is a hyperbolic slice knot in S^. Let M be the (n/l)-surgery 
along K on S^, so that Hi{M) — Ijn. By Thurston's hyperbolic Dehn surgery the- 
orem [Thu78j ■ M is hyperbolic for all but finitely many n, and consequently 7ri(M) is 
torsion- free for those n. Since the meridian of if in M is a generator of Hi{M), it 
follows that the order of /i in Tri{W) is at least n for any homology cobordism W of M. 
In particular, fj, is not nuU-homotopic in W. 

Taking a concordance G ^ x [0, 1] in x [0, 1] between K and the unknot and 
by filling in the exterior of G with x x [0, 1] along the (rt/l)-framing, we obtain 
a homology cobordism, say W, between M and the lens space L = L{n, 1). Since ^ is 
isotopic to the generator of T^iiL) — Z/n in W, /i has order n in Tri{W). This shows that 
fi represents hidden torsion of M. 

Since H2{Z/n) = 0, the abelianization map 7ri(M) Hi{M) = Z/n induces an 
isomorphism on homology localization. Since the homology localization of any abelian 
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group is the group itself, it follows that the localization of tti (M) is the abelianization 
map 7ri(Af) — > Z/n. Therefore /i represents local hidden torsion of 7ri(Af). 

Theorem 2.5. Suppose M is a closed n-manifold with n > 3. Then an element g G 
7ri(M) is hidden torsion of M if and only if g is local hidden torsion of 'Ki{M). 

Proof. For convenience we write tt = tti (Af). It is known (e.g., see |Cha08[ Theorem 2.6]) 
that the homology localization tt is the direct limit of a sequence of 2-connected homo- 
morphisms between finitely presented groups Gi. 

IT — Gq > Gi > ■ ■ ■ > Gn > ■ ■ ■ 

First we prove the only if direction. Suppose g € n is hidden torsion. If g were trivial 
in TT, then (the image of) g would be trivial in some Gi. But, since n > 3, by appealing 
Lemma [2?6l below. there is a homology cobordism of M for which tti{W) — Gi and the 
inclusion-induced map 7ri(Af) — Tri{W) is equal to the above n ^ Gi. This contradicts 
the hypothesis that g is hidden torsion. It follows that g is nontrivial in tt. Also, there 
is a homology cobordism W for which g'' is trivial in tti{W) for some fc > 0, by the 
definition of hidden torsion. It follows that g'^ is trivial in Tfi{W) = tt. 

For the if part, suppose that g is local hidden torsion. For any homology cobordism 
W of M, TTi{W) = TT. Therefore g is nontrivial in tti{W), and consequently in tti{W). 
Since g has finite order in tt, so does g in some Gi. Appealing to Lemma 12.61 below, 
choose a homology cobordism W oi M satisfying tti{W) = Gi. Then g has finite order 
in Tri{W). This shows that g is local torsion. □ 

The following fact used in the above proof of Theorem [53] is not due to us and seems 
known to experts. Whereas the key idea is used in various applications in the literature, 
we did not find an explicitly written proof elsewhere. We give a proof for the convenience 
of the readers. 

Lemma 2.6. Suppose M is a closed n-manifold with n > 3 and (j): 7ri(Af) G is a 2- 
connected homomorphism with G finitely presented. Then there is a homology cobordism 
W of M such that 'Ki{W) — G and the inclusion M — > W induces (j). 

Proof. Choose generators gi,. . . ,gk of G. For convenience we denote by F{gj) the free 
group on the gi, . . . ,gk viewing these as symbols, and often regard an element in F{gj) 
as its image in G under the obvious surjection F{gj) — G. 

Since (j) gives rise to an isomorphism on _ffi(— ), for each i = there exist 

7i G 7ri(Af) and a product of commutators hi G F{gj) satisfying gi = (t>{'ji) ■ hi in G. 
Now consider the {n + l)-manifold V obtained by attaching handles to Af x [0, 1] as 
follows: 

V = M X [0, 1] U {k 1-handles) U {k 2-handles) 
where the j-th 1-handle corresponds to the j-th generator gj so that the fundamental 
group of V^^'' = M X [0, 1] U (1-handles) is identified with free product 7ri(Af) *F{gj), and 
the z-th 2-handle is attached along an embedded circle representing g~^^ihi G 7ri(V^(^)). 
Obviously there is a homomorphism ip: tti{V) — >■ G that the given (/>: Tri{M) — > G factors 
through. Also, computing H^,(V, M) from the handle decomposition, it is easily seen that 
the y is a homology cobordism, since each hi is in the commutator subgroup. 
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Let A'' = Kerip. Note that A'' is contained in the commutator subgroup [7ri(y), 7ri(V')] 
since ^p induces an isomorphism on Hi(—). Since ip is surjective and G is finitely pre- 
sented, N is normahy finitely generated in t:i(V), namely for some finitely many elements 
ni, . . . ,nr G TV, the normal subgroup in TTiiV) generated by the rii is equal to Tri{V). 
Choosing disjoint embedded circles in the interior of V representing the rii and perform- 
ing surgery on V along these circles, we obtain an (n -I- l)-manifold, say V . By standard 
arguments, using the fact that each Ui lies in the commutator subgroup of ttiIV), one 
shows that TTiiV) = G, H2iV') = H2{V) ® and H^{V') = H,{V) for i > 2, where 
the 77" factor of H2 is introduced by surgery. 

We will do surgery to eliminate the 77" factor of H2{V'). For this purpose, first 
we obtain appropriate spherical elements in H2 as follows. Since (f>: 7ri(M) — G is 
2-connected, the map 

H2iV) ^ H2{M) H2{G) ^ H2ini{V')) 

is surjective. It follows that we can choose elements Ci = {xi,yi) e H2{V') — H2{V) © 
Z*" = H2{M) ®W (i = 1, . . . , r) satisfying the following: the iji form a basis of 17 and 
the Ci lie in the kernel of the map H2{V') -> H2{-ki{V')). By the exact sequence 

n2{V') H2{V') H2ini{V')) 

it follows that the elements Ci are spherical. We may assume that the Ci are given as 
disjoint embedded 2-spheres, and can perform surgery along the Ci on V' , since this is 
below middle dimension (n -|- 1 > 5). Its effect is exactly eliminating the the result of 
surgery, say W, is an (n -1- l)-manifold with = Hf{V) = H^,{M) as desired. □ 

In the remainder of this paper, we construct three manifolds whose groups contain local 
hidden torsion that cannot be seen in the nilpotent completion, and then use this hidden 
torsion to construct new manifolds homology equivalent, but not homology cobordant to 
each other. 

3. Torus bundle group and homology cobordism invariance 

We construct homology cobordism invariants in three steps. In Section [3. 11 we compute 
the integral homology localization F of a torus bundle group F. In Section 13.21 we 
construct a representation of F into an amenable D(Z/p)-group, where Z?(Z/p) denotes 
Strebel's class in |Str74| . Lemma 6.8 in jC012| clarifies how to achieve this using the 
"mixed type commutator series" defined in |Cha| . (Here successive terms of the derived 
series of a group arise from distinct coefficient subrings of the rational numbers.) In 
Section 15751 by applying the Z/p-coefficient version of a key result in |C012j (stated as 
Theorem 13.71 in this section), we obtain our homology cobordism invariant. 

We remark that we need the localization of Z at p, =, and Z/p, as coefficients in 
the latter two steps to apply the main result of |C012j . While it suffices to use integral 
group homology localization in the first step, we present our computation of group local- 
ization for any subring R of Z(2). This small generalization may prove useful elsewhere, 
and omitting it does not simplify the computation in any way. (See Theorem 13.11 ) 
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3.1. Homology localization of a twisted torus bundle group 

We consider the group F defined below, and compute its group localization. As stated 
previously, this group localization has a non-trivial transfinite lower central series which 
contains torsion. We remark that Levine investigated earlier a different version of alge- 
braic closure for this group jLev91[ Proposition 2]. 
Let F be the group 

F ^ yiZ^ {x,y,t\ [x,y] = I, txr^ = x^^ , tyr^ = y-'^). 

In the first expression the Z factor is the subgroup generated by t, and Z* is the Z[i^^]- 
module with underlying abelian group Z on which t acts by negation t ■ a — ~a. The 
elements x and y generate the two Z* factors. This group F is the fundamental group 
of an oriented torus bundle over whose monodromy on 5*^ x is given by {z,w) i— >■ 
iz-\w-^). 

We construct the homology localization of our group F as the limit of groups T2k-i, 
k positive. 

(^x,y,t [[x,y],t], [[x,y],x], [[x,y],y], tet"^ = tyt^'^ = y^^^ 

When k ~ 1, we have Fi — F. The group T2k-i is a central extension with center the 
order {2k — 1)^ subgroup generated by [x,y] and with quotient group isomorphic to F. 
For later convenience, we denote this subgroup and quotient group by 

respectively. That is, F2fc-i is the extension: 

Define a function (j)2k-i '■ T ~> F2/C+1 by t i, a; M> 2;^''+^, y One easily sees 

that this assignment gives us a well-defined homomorphism: by the identities 



F 



2fe-l 



[afe, c] = a[6, c]a "'"[a,c], [c, afc] = [c, a]a[c, 6]a 



we have 



[x,y]^[x"^+\y''+'] = [x,yf'+'y 



and using this, the relations are verified. 

Similarly, for 2fc — 1 | 2^ — 1, we define a homomorphism F2A;-i — !■ F2£_i given by 

Then the groups F2fc_i together with these homomorphisms form a direct system. 

Recall that the (classical) localization of Z at the prime 2 is denoted by Z(2) = {a/6 G 
Q I 6 is odd}. 



Theorem 3.1. Suppose R is a subring o/Z(2). Then for any k, the R-homology local- 
ization ofT2k-i is the colimit lim F9fe-i endowed with F2fe-i — > lim F2fe-i. 

yk " — ^k 

In particular Theorem 13 . 1 1 gives that the homology localization of F = Fi is lin^^ F2fe_i. 
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By Theorem 13.11 we have the following commutative diagram, where vertical maps 
are the limit maps, and Z(2)/Z is a central subgroup of F: 

1 (iSsV^)/^ " r^fe 1 X Z 1 



1 ^Z(2)/z ^ (Z(2))^ >^ ^ ^ 1 

Proof of Theorem \3.1\ By abelianizing the above presentation, we see that Hi{T2k-i) — 
(Z/2)^ X Z generated by x, y, t. Since we need it later, we give a proof of the following 
stronger fact: the commutator subgroup [r2fc-i, r2fc-i] is generated by a;^, y^. In fact, the 
relations = x~^, tyt~^ = implies [t,x] = x^^ and [t,y] = y~^- The commutator 

[x,y] is also contained in the subgroup generated by x"^ , y"^ since [x , y][x'^ , y'^]'' ^'^ — 
[x,y][x,y]'^'' — [x,y\'^'^^~^^ = 1. In addition the subgroup generated by and y^ is 
a normal subgroup since tx'^t~^ = x~'^ and yx^y^^ — [y,x'^]x'^ = [y,x]'^x'^ = [x,y]~'^x'^. 
This verifies the claim. It follows that 4>2k-i- T — > r2fc-i induces an isomorphism on 
Hi(-). 

Also, it is verified that H2(r2k-i) — Z and (t>2k-i induces an isomorphism on H2{—), 
by computation using the Lyndon-Hochschild-Serre spectral sequence twice, first for the 
central extension 

1 iijkhr^)/^ ^ A2k-i ^ (2fe^z')' ^ 1 

where A2k~i is the subgroup of T2k~i generated by x and y, and then for 

1 — > A2k-i — ^ r2fe-i z ^ 1. 

More details are as follows. First observe that the relation [[x, y\^t\ of r2fc_i is redundant, 
since txt~^ — x~^ and tyt~^ — y~^ imply t[x,y]t^^ = [x~^,y~^] and since we obtain 
[2:°, 2/^] = [x, y]""^ for any integers a, h by combining the relations [[x, y]^x\ = 1 = [[x, y], y] 
with the identities for [a5, c] and [c, a&] as above. Therefore T2k-i is an HNN extension 
of the subgroup 

A2k^i^{x,y I [x,y]^^''-^'^\[[x,y],x\,[[x,y],y]) 

by the infinite cyclic group generated by t with the action txt^^ ~ x^^ , tyt^^ = y^^ . This 
is the second extension given above. Also, the first extension above follows immediately 
from our presentation of A2k-i- 

The first extension is central and has spectral sequence with ^ ^ -^^(( 2^-1 ^*)^) ^ 
Hqij^^^Z/Z). We have E^^^^^ ^i°i = ^1,1 = ( (2fc-i)^ ^V^)^ and E^^ is the kernel 
of 

d2,0 - H2{{2izi'^^f) > ^l((2fc-l)2^/^)- 

Viewing c?2,o as the transgression map, one sees that c?2,o is identical with the projection 
(2fc-i)^ Z — > (2/c-i)^ Z/Z. It follows that iJ2(^2/c-i) is given by 

((2fe^^V^)' H2{A2k-l) ^ Z ^ 0. 

It is easily seen that Hi{A2k-i) ~ ( 2/0-1 ^*)^ from the presentation. 
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The expression of r2fe-i as an extension of A2k-i by Z gives a spectral sequence with 
Ep ^ = Hp{Z; Hq{A2k-i))- From this we obtain the Gysin sequence 

H2{A2k-i) ^ H2{A2k-i) H2{T2k-i) Hi{A2k-i) ^ Hi{A2k-i). 

Combining this with our computation of Hi, H2 of A2k-i it follows that -ff2(r2fc-i) = ^ 
as claimed. 

Now, from the above it follows that 02fe-i : T — > T2k~i, and consequently r2jt-i — > 
T21-1 for 2k — 1 \ 2£ — 1, are in il^ for any R. Therefore, the homomorphism F — > F2fe-i 
induces an isomorphism on localization, and it suffices to show that lim^F2fc-i is the 
i?-homology localization of F. 

For any i?-local group K and a homomorphism / : F — >■ K, there is a unique homo- 
morphism g2k-i'- F2fe-i K such that / = g(f>2k-i since (f>2k-i G ■ It follows that 
the limit g = lim^(72fe-i is the unique homomorphism making the following diagram 
commute: 

F ^ iH^fe ^2k-i 

f 

K 

Now, by the following proposition, hn^j, F2fc-i is the i?- homology localization of F. □ 
Proposition 3.2. If R is a subring o/Z(2), then lim^ F2A;-i is R-local. 

This follows from the fact that ZL^ is a local module over Z[t±i] in the sense of Cohn 
and Vogel. For completeness, we present a proof of Proposition 13.21 in Appendix [21 

The following shows that F, and for A; > 1, F2fe-i have nontrivial w-term in the lower 
central series. 

Lemma 3.3. The transfinite lower central subgroup (T2k-i)uj is equal to the subgroup 
( (2fc-i)^ ^)/^ o/F2fc-i, and {T2k-i)ui+i is trivial. Consequently = Z(2)/Z and F^j+i 
is trivial. 

Proof. As previously shown, (F2fe-i)2 = [F2fe_i, F2fc_i] is the subgroup generated by 
x^, . By an induction using the same argument, (F2fc-i)q+i is the subgroup generated 
by x^" , y"^" . Therefore {T2k~i)u] lies in the kernel of F2fc_i ( 2fc-i ^*)^ ^ ^' '^hicli is 
the subgroup ( (2k-iy ^)/^- 

We claim that the generator [x,y] of ( (2fc-i)^ Z/Z) lies in (F2fe-i)ij. Since x^' £ 
(F2fc_i)g+i, it follows that [x^'' ,y] = [x,y]'^'' lies in (F2fe_i)g+2. Since [x,y] has odd 
order, it follows that [x,y] G (F2A;-i)g+2. Since this holds for any q, [x,y] € (F2fc_i)t^ as 
claimed. It follows that {T2k-i)uj — ( (2fc-i)^ Z)/Z. 

Since the generator [x,y] of (F2fc-i)tj is central, (F2A;-i)w+i is trivial. 

The conclusion on F is obtained by taking the direct limit. □ 

In the remaining part of this paper, we will always use the integral homology local- 
ization of F, which we denote by F. 
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3.2. Mixed-coefficient commutator series 

The homology localization F is not in Strebel's class D{R) for R = Z, Q or Z/p, while we 
need (amenable and) £'(i?)-groups to apply the main result of [C012| . In this subsection, 
we construct a representation of F to an amenable £'(Z/p)-group, by separating p-torsion 
elements from those with order coprime to p. 

For the above purpose, we consider the mixed-type coefHcient commutator series 
{V^G} of a group G which was introduced in |Cha| . Suppose V = {Ro,Ri, ■ ■ ■) be a 
sequence of commutative rings with unity. Then for a group G, the series {7'"G} is 
defined inductively by 

r°G = G, 

The subgroup V^G is a characteristic normal subgroup of G. 

We use the case V ~ (Z, Z, Z(p)) applied to F. (In this case we define and use 'P"F 
only for n < 3.) 

Lemma 3.4. Suppose p is a prime. For V = {1j,1j,'Z,(^p-^), the following hold: 

(1) V^T is the subgroup of F generated by Z(-2)/Z and (2Z*2-))^, and T/V^T = 
(Z/2)2 X Z. 

(2) P'^f is the subgroup Z(2)/Z, and f/P^f ^ (Z^2))^ ^ ^■ 

(3) P^f IS the subgroup (Z(2) nZ(p))/Z, ofP'^f = Z(2)/Z. Also, 



P^T/P^T 



ifp = 2, 

Z[i]/Z otherwise. 



Consequently, if p ^ 2, t/ie^ F/P'^F = (Z*2-))^ x Z. If p is odd, then we have the 
following central extension: 

1 — > Z[i]/Z — > f/P^f — > (Z|2))^ X Z — >1 

Proof. From our choice of P, it follows that P^{—) is the ordinary derived series for 
k<2. 

In the proof of Theorem 13. 1[ we have checked that P^T2k-i = [r2fc-i, r2fc-i] is the 
subgroup generated by cc^, y^. Therefore, by the direct limit construction of F, it follows 
that P^f = [f,f] is the subgroup generated by Z(2)/Z and (2ZJ2))^ ^nd f /P^f = 
(Z|2)/2Z(2))^ X Z = (Z/2)2 X Z. This proves (1). 

Now, again from the presentation of F2fc-i, 7'^F2fc-i = [7'^F2fc-i, 7'^F2A:_i] is gener- 
ated by [x'^,y'^] = [x,y]'^, which is equal to the subgroup generated by [x,y] since [x,y] 
has odd order in F2fe-i. Therefore "P^F — ['P^F,'P^F] is seen to be the subgroup Z(2)/Z, 
and f/p2f ^ (Z*2))^ X Z. This proves (2). 

For (3), recall that P^T is the kernel of the map Z(2)/2^ ^ (^(2)/^) (8)Z(p). It follows 
immediately that 

P^r = {elements in Z(2)/Z with order coprime to p} 

= {b/a + Ze Z(2)/Z I (a, &) = 1 = (a,p)} = (Z(2) n Z(p))/Z. 
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Also (Z(2)/Z)/7'^r = Z(2)/(Z(2) nZ(p)). One easily verifies that for any odd prime p the 
inclusion of rings Z(2) gives rise to an isomorphism 

z[i]/z-Z(2)/(Z(2)nZ(p)). 

Since T /V^T is a central extension of V^V /V^T by F/'P^F, we obtain the exact sequence 
stated in (3). □ 

Remark 3.5. From the above computation, it follows that an element g G F has finite 
order if and only if g G V'^f = Z(2)/Z. If p is odd, the quotient map V'^f V'^f/V^f is 
exactly the map eliminating all the g-primary factors of Z(2)/Z for which (p, q) = 1. In 
particular, if 5 G F has order p^r with (p, r) = 1, then its image in r/7''^F has order p*^. 

Lemma 3.6. The group F/7''^F is amenable and in _D(Z/p). 

Proof. By the exact sequence in Lemma lX^ fB). it follows that V /V^T admits a subnormal 
series with successive quotients either torsion-free abelian or p-torsion abelian, namely, 
Z, (Z*2))^ and Z[i]/Z. By applying Strebel's work [Str74] and known properties of 
amenable groups (see |C012[ Lemma 6.8]), we obtain the desired conclusion. □ 

In this paper we mainly use the case of odd prime p. We remark that if p = 2, then 
f/V^V = f/p2f is PTFA. 

3.3. Homology cobordism invariants from mixed-coefficient commutators 

Recall that two closed 3-manifolds M and N are (topologically) R-homology cobordant 
by a topological 4-manifold R-homology cobordism W if dW — M U —N and 

{W, M; R) = = H, {W, N; R). 

We give a special case of a key result in jC012] : 

Theorem 3.7 (Cha-Orr [C012I Special case of Theorem 1.1]). Suppose R is a subring of 
Q or'Ljp. Suppose W is an R-homology cobordism between closed 3-manifolds M and N. 
Suppose G is an amenable group lying in D{R) and </>: 7ri(M) G and ip: 'Ki(N) — G 
are homomorphisms that extend to a common homomorphism Tri(W) — >■ G. Then, the 
Lp'-Betti numbers b'f'\M, (f)) and b^f^N, ip) are equal for any i, and -signature defects 
p^'^\M,(t>) and p^'^\N,(j)) are equal. 

For the definitions of bf\M,(j)) and p^'^^M.cj)), see, e.g., |C012[ Section 7]. 
Combining the Z/p version of Theorem 13.71 with our computation, we obtain the 
following result: 

Theorem 3.8. For a closed 3-manifold M satisfying ■ki{M) ^ F, let ^^v/ be the compo- 
sition 

■■ MM) MM) ^ f ^ f/V^f 
where V = (Z, Z, Z(p)). Then the i-th Betti number b'f'\M, 4>m) and L^-signature defect 
p^'^^ [M , (/) m) are homology cobordism invariants. That is, if another 3-manifold N is 
homology cobordant to M , then tti (N) = T , and we have b'i'{M,<j)M) = b]-"' {N,(I)n), and 
P^^HM,^m)=P^^\N,M- 
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Proof. Suppose M and N are as in the statement of the theorem, and is a homology 
cobordism between M and N. Then, since tti{M) — > Tri{W) and 7ri(A^) — > tti{W) are 

integral homology 2-connected, we have F = tti{M) = ni{W) = ni{N). Also it follows 
that and are restrictions of the composition 

ni{w) — > 7tT(vf) ^ r — > f/r^f. 

Since W is also a (Z/p)-homology cobordism and T/V^T is in DCZ/p) by Lemma [3.61 
the (Z/p)- version of Theorem 13 . 71 implies 

bf\M,<j)M) = bf\N,<j)N) and ^(Af, 0Af) = pf ^(iV, 0jv). □ 

4. Group localization and homology cobordism of 3-manifolds 

In this section, R is always a subring of Q. 

Theorem 4.1. Suppose Mq is a closed 3-manifold. If a: 7ri(Afo) G is a homomor- 
phism into a finitely presented group G which is R-homology 2-connected, then there is an 
R-homology cobordism W between Mq and a closed hyperbolic 3-manifold M satisfying 
the following: 

(1) a extends to a surjection t:i{W) — >■ G. 

(2) The inclusion induces a surjection 7ri(Af) — tti(W). 

Consequently, the induced map 7ri(Af) G is a surjection which is R-homology 2- 
connected. 

It is known that for any finitely presented group G, the i?-homology localization G is 
the direct limit of a sequence of homomorphisms on finitely presented groups 

G = Gq — > Gi — > ■ ■ ■ — > Gn — > ■ ■ ■ 

which are i?-homology 2-connected |Cha08[ Theorem 2.6]. From this we obtain the 
following consequence of Theorem 14.11 

Corollary 4.2. Suppose Mq is a closed 3-manifold with G — 7ri(A/o). For any finitely 
generated subgroup H in the R-homology localization G, there is a closed hyperbolic 3- 
manifold M satisfying the following: 

(1) M is R-homology cobordant to A/q. 

(2) There is a 2-connected homomorphism f: 7ri(A'f) — ?> G such that 

H C Im{7ri(A//) — > t^TCM) ^ G}. 

4.1. Algebraic equations over groups 

To prove Theorem l4.1[ we will construct a homology cobordism of Mq by attaching 1- and 
2-handles according to a homological description encoded through certain equations over 
the group G. For this purpose, we first recall a definition from |Cha08[ Definition 4.1]. 
We denote by d{R) the set of denominators of reduced fractional expressions of elements 
in R. 
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Definition 4.3. A system of R-nullhomologous equations over a group tt in n variables 
collection S oi n expressions = Wi(a;i, . . . , a;„), i — where 
e G and each — Wi{xi, . . . is an element in the free product of G and the 

free group F generated by the xt which lies in the kernel of the projection G * F ^ F ^ 
HiiF)^F/[F,F]. 

Levine first defined his group closure in |Lev89al ILev89b) , to extend link invariants 
in |Orr89) . Levine's group closure gave an alternative description of the group localization 
of Vogel, and was inspired, in part, from a similar notion of group closure defined by 
Gutierrez in |Gut79j . Shortly thereafter, Farjoun and Shelah rediscovered an analogous 
construction to describe Bousfield homology localization of groups |DFOS89] . Variations, 
for instance, with untwisted and twisted coefficient systems, appear in various sources, 
for instance, |Cha08] and |Hec09j . 

For a system of nuUhomologous equations S = {xf = Wi{xi, . . . , Xn)} over tt, we 
associate a group Trg defined as follows: 

ITS = (tt, Zl, ...,Zn\z^= Wi{zi, . . .,Z„), 1 = 1, . . . ,n) 

This group ns is endowed with a natural map tt — ^ tt^ and can be viewed as obtained 
from TT by adjoining a solution {zi} of the system S. We need the following fact: 

Lemma 4.4. 

(1) For any tt and any system of R-nullhomologous equations S over tt, the map 
TT TTs is R-homology 2-connected. 

(2) If a: TT ^ G is a homomorphism which is R-homology 2-connected and G is 
finitely generated, then there is a system of R-nullhomologous equations S over 
TT and a surjection as - tts G making the following diagram commute: 

TT TTg 

G 

For a proof of Lemma l4.41 see |Cha08[ p. 245, proof of Theorem 5.2]. (See also [Bou77j . 
Corollary 2.17, for a related result to part (2) above.) 

4.2. Construction of an homology cobordism using equations 

We construct a homology cobordism from i?-nullhomologous equations. 

Proof of Theorem \4.1\ Suppose Mq is a closed 3- manifold with tt — tti{Mo), and a: tt ^ 
G is i?-homology 2-connected. By Lemma [4. 41 we obtain a system of i?- nuUhomologous 
equations S = {xf = Wi}i=i,....n over tt such that the given a extends to a surjection 
TTs — > G. We start with Mq x [0,1]. Let Vi be the cobordism from Mq to another 
3-manifold, say Mi, which is obtained by attaching n 1-handles to Mq x [0, 1], one for 
each variable Xi. Identify 7ri(Vi) with the free product of tt and the free group generated 
by the Xi. Since Mi has dimension 3, we can choose a collection of disjoint simple closed 
curves on Mi which represent the elements x~'^Wi G 7ri(Vi). By attaching n 2-handles 
along the "ft, we obtain a cobordism, say V , between Mq and a new 3-manifold, say N . 
We will verify the following properties of {V,Mq,N) constructed above: 
(0) V is an i?-homology cobordism between Mq and N. 
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(1) The given a: 7ri(Mo) G extends to a surjection ni{V) — > G. 

(2) The inclusion induces a surjection 7ri(A^) — > tti{V). 

ni{Mo) ^ MV) ^ ^i(^) 

G 

First note that H^,(V, Mq; R) can be computed from the handlebody structure of V: 
the cellular chain complex vanishes in dimensions other than 1 and 2, and the image of 
the ith 2-handle under the boundary map di is determined by the word x~^Wi. Since 
the equations are nullhomologous, it follows that di is represented by an n x n diagonal 
matrix with all diagonals — e. Since e is a unit in R, it follows that H^{V, Mq; R) = 0. 
By duality, H^,{V, N; R) = 0. That is, F is a homology cobordism between Mq and N. 

From the construction, tti (V) can be identified with ns- By our choice of the equations 
(i.e., by Lemma HH]), a extends to a surjection ni{V) — tts ^ G. 

Reversing the handle decomposition, V is obtained from N by attaching 2- and 3- 
handles, and therefore 7ri(iV) t^i{V) is surjective. This completes the verification of 
the above properties (0), (1), (2). 

Note that our N is not necessarilly hyperbolic. To obtain a hyperbolic 3-manifold 
satisfying the same properties, we need the following result of Ruberman: 

Theorem 4.5 (Ruberman jRubQOi Theorem 2.6]). For any closed 3-manifold N , there is 
a homology cobordism U between N and a closed hyperbolic 3-manifold M and a retraction 
r:U^N such that the composition M ^ U ^ N is a degree one map. 

Applying Theorem l4.5l to our N and by attaching the resulting homology cobordism to 
the above cobordism V , we obtain a new i?-homology cobordism, say W , between Mq and 
the resulting hyperbolic 3-manifold M. Since a degree one map induces a surjection on 
the fundamental group |Hem761 Lemma 15.12], {W, Mq, M) satisfies the above properties 
(0), (1), (2). 

The last sentence of Theorem 14.11 follows from the above properties since the induced 
maps of 7ri(M), 7ri(Mo) into t:i{W) are all i?-homology 2-connected, and therefore induce 
isomorphisms on the i?-homology localization. □ 

5. 3-manifolds with local hidden torsion 

Throughout this section, we fix an odd prime p. Several objects constructed in this 
section depend on p, but for simplicity, we omit p in our notation. 

5.1. Construction of examples 

Construction of a "seed" 3-manifold. Let Y be the twisted torus bundle over with 
fundamental group F defined in Section [31 (For a description of Y , see the beginning of 
Section [31) Recall that the Z- homology localization F is given as the central extension 

— > Z(2)/Z — ^ F — > (Z(2))^ X Z — > 0. 

Let M be a hyperbolic 3-manifold obtained by applying Corollary 14.21 to Y and the 
subgroup H gener ated by i + Z G Z(2)/Z C F. Then our M is homology cobordant to Y , 
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and for tt = 7ri(M), there is a 2-connected surjection tt — !• F inducing tt = F. Under this 
isomorphism we identify tt with F; then by our choice of M, i + Z G F = TT is the image 
of some nontrivial element [a] G tt = 7ri(M), where a is a simple closed curve in M. 
Since tt is torsion-free, [a] has infinite order in tt but its image in tt = F has order p. 
That is, [a] G tt is a local hidden torsion. 

Since Z(2)/Z C F = tt lies in ii^ by Lemma l3.3l the pre-image of Z(2)/Z in tt lies in tt^ 
by Stallings' Theorem |Sta65j tt/tTlj ^ F/F^j. Furthermore, [a] is not contained in tt^^+i 
since the image of [a] in F is nontrivial and F^^-i-i is trivial by Lemma l3.3l Summarizing, 
we have proven the following: 

Lemma 5.1. The element [a] chosen above is local hidden torsion of ■ki{M) and lies 
in 7ri(M)„ - 7ri(M)„+i. 

Remark 5.2. It follows that 7ri(M) has lower central series length > w. Since M is 
homology cobordant to Y and F — 7ri(y) has lower central series length cj, this proves 
Theorem II . 31 stated in the introduction. 

Twisting around local hidden torsion. For a knot K in S^, we define Mia^K) to be the 
3-manifold obtained by removing a tubular neighborhood of a from M and then filling 
it in with the exterior of K in such a way that a meridian of K is identified with a 
parallel copy of a and a longitude of K is identified with a meridian curve of the tubular 
neighborhood. It is well known that the resulting M{a, K) is always homology equivalent 
to M . Since we have to use it again later in this paper, we state it as a lemma. 

Lemma 5.3 (Well-known). For a knot K , there is a homology equivalence hx ■ M(a, K) — 
M which induces a surjection hK^, ■ TTi{M{a, K)) — >■ 7ri(A/). 

In fact, for the exterior Ek of a knot K, there is a homology equivalence {Ek, OEk) 
[S^ X D^,S^ X S^) which induces a surjection on 7ri(— ), and our Hk is obtained by 
glueing this with the identity map of the exterior of a C M (e.g., see [ChalOl Proof of 
Proposition 4.8]). 

Now, applying Theorem 14.51 to our M(a,K), we obtain a hyperbolic 3-manifold Mk 
homology cobordant to M{a,K) and a homology equivalence gx- Mk M{a,K) in- 
ducing a surjection on 7ri(— ). Note that if K is unknotted, we may assume that Mk is 
equal to M. 

Proposition 5.4. For any knot K, the following hold: 

(1) There is a homology equivalence fK ■ Mk M which induces a surjection on 
the fundamental group. 

(2) The homology localization of ttiIAIk) is isomorphic to F. 

(3) There are local hidden torsion elements o/7ri(Mif) lying in Tri{MK)uj- 

Proof. (1) Composing gK with Hk given in Lemma [5.31 we obtain a desired homology 
equivalence fK ■ Mk — M. 

(2) Since /x* : 7ri(MK) 7ri(A/) is 2-connected, t^Mk) = ri^XM) = f. 

(3) Since //f^ is surjective, there is an element, say [/3], in 7ri(Mif) which is sent to 
[a] G 7ri(M). Since 7ri(Mif) is torsion-free and [a] is a local hidden torsion element 
by Lemma [5.1[ it follows that [13] is a local hidden torsion element in tti^Mk). Since 
fK induces an isomorphism 7ri(Mif )/7ri(Mif )„ = 7ri(M)/7ri(M)(^ by Stallings' Theo- 
rem [Sta65| and [a] lies in 7ri(M)^ by Lemma [5TT1 we have [/3] G 7ri(Mif)^. □ 
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Now, Theorem ll.ll in the introduction is an immediate consequence of Proposition[531 

5.2. Homology cobordism classes and amenable L^-signatures 

We continue to use the notations of the previous subsection. In particular p is a fixed 
odd prime and M and Mk are the hyperbolic 3-manifolds given in Section [Ol 

We consider the L^-signature invariants discussed in Section 15751 recall that for any 
3-manifold N with 7ri(iV) = F, we define (p^ to be the composition 

where P^G denotes the mixed-coefficient commutator series associated toP = (Z, Z, Z(p)). 

Using the key fact that the image of [a] in the homology localization has finite order 
p, we show the following formula for the L^-signature of Mk- We denote the Levine- 
Tristram signature function of a knot K by 

o'if(fi') = sign(l — w)A + (1 — w)A'^ 

for w € C C, where A is a Seifert matrix for K . 

Lemma 5.5. For our M and Mk, the following holds: 

n ^ — ' 

^ fc=o 

Proof. By Theorem p^'^\N,^j^) is a homology cobordism invariant. Therefore, in 
our case, we may replace {Mk,4'Mk) by {M{a, K),(j)M{a,K)) since Mk is homology 
cobordant to M{a,K). 

By |COT04[ Proposition 3.2] (see also jCHL09[ Lemma 2.3]), for any (jj: tti{M) G, 
we have 

P^^\Mk, (l>ohK.)^ P^^\M, cp) + p^^\Nk, 0') 
where Nk is the zero-surgery manifold oi K , (f>' : 7ri(A^x) — > G is the map that factors 
through Hi{Nk) = Z and sends any meridian of K to '/>([a]), and Hk' M{a,K) — >■ M 
is the homology equivalence given in Lemma 15.31 

For our purpose, consider the case of = ^m- Then (j)M ° hK^, is equal to 4imk (u^P to 
an automorphism of F/P'^F) since Hk gives rise to an isomorphism on 7ri(— ). Therefore 

p'-^HMk,<I>M oHk,) = p'^^\MK,(f>M^)- 

Also, since the image of [a] G tti{M) in tti{M) = F has order p, ipM{[o]) has order p in 
r/P^T by Lemma 1331 (See also Remark 13.51 ) Therefore, by the L^-induction property 
and |C012[ Lemma 8.7], we obtain 

p(2)(7VK,0') = -E^/^(e'^'^/^)- 

From these the conclusion follows. □ 

Theorem 5.6. There is an infinite sequence of knots Kq = unknot, Ki, K2, . . . in S^, 

for which 

(1) fg^ UKi [w) dw =0 for any i, and 

(2) Mk^ and Mkj are not homology cobordant whenever i ^ j . 
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We remark that the conclusion on the signature function integral will be used in the 
next subsection. 

Proof. By [Chal Proposition 4.12], there exists a knot K satisfying 

^ ( 

(*) ^ai^(e2'=^^/P) and / GK{w)dw = ^. 

k=o ■^•s'l 
Furthermore, we can choose an infinite sequence of knots Ki, K2, ■ ■ ■ for which (*) holds 
and the values of the sum X)fc=o '^Kti^'^''^^^^^^) are all nonzero and mutually distinct. 
For example, we may choose as Kn the connected sum of n copies of a fixed knot K 
satisfying (*). 



By Lemma 15.51 we have 



'p(^HM,(t>M) ifi = 0, 

p(2)(Af, ^,,) + 1 ^^i; a^(e2fc-^^/P) otherwise. 



p ^k=0 ' 

By our choice of the Ki, p^'^^MKi,(t)MKi) P^'^HMKj,<pMK^) whenever i ^ j. By 
Theorem 13.81 it follows that A/^f. and Mk are not homology cobordant whenever i ^ 
J- ' ^ ^ 

From Proposition IS .41 and Theorem l5.6[ it follows that the hyperbolic 3-manifolds Af^f. 
in Theorem 15.61 satisfv the conclusions (1) and (2) of Theorem 11.21 in the introduction. 
The remaining conclusions of Theorem 11.21 namely the fact that all the Mk^ look the 
same to the eyes of previously known homology cobordism invariants, will be shown in 
the next subsection. 

5.3. Invariants from p-groups, iterated p-covers, and PTFA groups 

In this subsection we consider known homology cobordism invariants obtained from p- 
groups, iterated p-covers, and PTFA groups. We start by recalling known invariants 
associated to characters and representations. 

• For a character 0: 7ri(Ajf) — s> of a closed 3-manifold M, the multisignature 
(= Casson-Gordon invariant = Atiyah-Singer a-invariant) is defined in f WalTOi 
[CGZllEMS]. We denote it by cr(M,0). 

• More generally, for a finite dimensional unitary representation 6 : tti {M) — >■ U{k), 
Atiyah-Patodi-Singer's (reduced) 77- invariant fi{M,9) is defined in |APS75) . 

• For a representation 6 : tti (M) — j> GL(C, k) and a homomorphism ip : tti (M) — >■ H 
into a free abelian group H, a twisted torsion invariant t^®^{M) is defined 
in 

These are known to give homology cobordism invariants when the representations 
factors through p-groups and characters are of prime power order. (See |GL83[ IRub841 
ILev94[ FCFj . ) The following homology cobordism invariant obtained from iterated covers 
is also closely related to p-groups: 

• For a tower of iterated abelian p-covers 

M ^ Mq ^ Ml ^ ■ ■ ■ ^ M„ 
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(here M„ — > M is not necessarily abelian nor regular) and a character (j) : tti (M„) — >• 
of prime power order, a Hirzebruch-type Witt-class- valued invariant A(Af„, 0) g 
io(Q(C<i)) is defined in jChalOj . 
Following [ChaOQj . we call a pair ({Mi}, 0) as above a p-structure of height n for M. 
We continue to use the notations of Section IFTTl The following theorem says that these 
invariants related to p-groups do not distinguish the homology cobordism classes of our 
3-manifolds Mk- The key fact used in the proof is that our hidden torsion element a is 
invisible in the nilpotent completion. 

Proposition 5.7. For any knot K, the following hold: 

(1) For any prime power order character (f) : 7ri(M) — >■ T^d, ct(A/, (f>) — a{MK, (f'^fK^)- 

(2) For any unitary representation 6 ofni {M) factoring through ap-group, f}{M, 6) — 

fl{.MK,eofK,). 

(3) For any representation 9: ■ki{M) — > GL(C, fc) factoring through a p-group and 
for any homomorphism 7ri(A/) H with H free abelian, we have t^®^ {M) — 

(4) The map fx gives rise to a 1-1 correspondences between p-structures of M and 
Mk via pullback (i.e., fx is a p-tower map in the sense of |ChalO| ). If{{Mi},(j)) 
and {{M-}, (j)') are correponding p-structures of height n for M and Mk, respec- 
tively, then A(M„, 0) = A(M4, <f)'). 

Proof. Recall that Mk is homology cobordant to M{a, K) via a homology cobordism U 
which admits a retraction r: U ^ M{a,K), and fK is the composition Mk ^ W ^ 

M{a,K) ^ M. Since the invariants considered in Proposition 15.71 are all homology 
cobordism invariants as shown in |GL831 IRub841 ILev94[ IChalOi ICFj . we may replace 
(Mif,//f) by {M{a, K),hK)- Now, since our [a] lies in ■jti{M)i^, the image of [a] under 
any map of tti(M) into a nilpotent group is trivial. Therefore [a] lies in the kernel of the 
given representation/character in (1), (2), (3). 

For the tower {Mi} of iterated covers in (4), first observe that if we view 7ri(Mi_|_i) as 
a subgroup of Tri{Mi), then 7ri(Mi)^ is contained in 7ri(Mi_|_i)^ since any p-group G is 
nilpotent. It follows that a always lifts to a loop in Mn for any choice of a basepoint in 
Mn, and any lift of a lies in the kernel of the given character (j> of 7ri(M„). 

Now, Proposition 15 . 71 is an immediate consequence of the following known fact, which 
essentially says that tying a knot along a curve in the kernel of the given representa- 
tion/character does not change the concerned invariants. □ 

Lemma 5.8. Suppose M is a closed 3-manifold, a is a simple closed curve in M , and 
M{a,K) is the 3-manifold obtained by tying a knot K along a. Let Hk'. M{a,K) — > M 
be the homology equivalence described in Lemma \5.3l 

(1) If(f>: Tri{M) —i' Zrf satisfies [a] G Ker0, then a{M,(t)) — cr{M{a,K),(f) o Hk^). 

(2) If 9: 7ri(M) U{k) satisfies [a] e Ker6', then fj{M, 9) = fy(M(a, K), 9 o hK*)- 

(3) If 9: 7ri(M) GL(C, fc) and tp: 7ri(M) H with H free abelian satisfy [a] G 
Ker6' n Keri/', then t'^®'^{M) = r(»°'*K.)®('/'°'»ic.)(M(a, K)). 

(4) The map Hk gives rise to a 1-1 correspondences between p-structures of hi and 
M{a,K) via pullback. If {{Ali} , (f>) and ({M^}, (/)') are correponding p-structures 
of height n for M and M{a, K), respectively, and any component of the pre-image 
of a under Mn — M is in Ker0, then A(A'f„, 0) = A(M^, 0'). 
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Proof. It is known that the multisignature obtained from Z^-valued characters are equiv- 
alent to ry-invariants associated to representations factoring through Z^. From this it 
fohows that (1) is a consequence of (2). 

The proof for (2) is similar to the arguments in [ChalOi Section 5.4]: for the knot tying 
operation, it is known (e.g., see jChalOl Lemma 5.8]) that fi{MK,0 o fx^) = f]{M,9) + 
f}{NK, 9') where Nk is the zero-surgery manifold of the knot K, and 0' : tti {Nk) U (k) 
is the representation that factors through Hi{Nk) = Z and sends a meridian of K to 
9{a). In our case, 9' is the trivial representation, since [a] G 7ri(M)(^ and tti{M) factors 
through a nilpotent group. Therefore fj{NK,6') — 0. 

(3) is shown by an argument similar to the above proof for (2), using the knot ty- 
ing formula given in |CF[ Lemma 7.1] in place of |ChalO[ Lemma 5.8]. For (4), by 
[ChalOi Lemma 3.7], hx induces a 1-1 correspondence between p-structures. Comput- 
ing X{M^, (/)') using the knot tying formula given in jChalOi Lemma 4.6], we obtain the 
desired conclusion. □ 

Now we show that L'^-signature invariants associated to torsion-free coefficient systems 
do not distinguish the homology cobordism class of M from that of Mk (which is equal 
to that of M{a,K)). First we consider the special case of coefficient systems factoring 
through the homology localization. 

Proposition 5.9. (1) If(f>: 7ri(M) G is a homomorphism factoring through'Ki{M) 
and G is torsion-free, then p^'^\M,(t)) = p'^^ (M(a, K), o Hk^). 
(2) For Harvey's homology cobordism invariant Pn{~) defined in [Har08] . we have 
Pn{M) = pn{M{a,K)) = PniMx) for any n and K. 

Proof. As in the proof of Lemma 15.51 we have 

[M{a, K),cpohK.)^ p^') (M, 4>) + (AT^^ 0') 

where Nk is the zero-surgery manifold of K and 0' : ■ki{Nk) G \s the map that factors 
through Hi{Nk) — Z and sends any meridian of K to (l){[a\). In our case, (t>{[a\) is trivial 
because of the following facts: the image of [a] in tti{M) is torsion, factors through 

7ri(Af), and G is torsion-free. That is, (p' is a trivial map. It follows that p^'^\Nk, = 0. 
This shows (1). 

In |Har08j . p„(M) is defined to be p^^) (M, </>„) where </)„ : 7ri(M) ^ 7ri(M)/7ri(M)^^ 

is the quotient map. Here 7ri(M)^^ denotes the torsion- free derived series defined 
in |CH05| . Due to |Cha08| . there is a canonical injection 

j: ^i(Af)/7ri(Af)(;'^ / T^i^^\ 

By the L^-induction property for p'^^ pn{M) is equal to p'^'^\M,j o fpn)- Since j o (/>„ 
factors through 7ri(Af) and Hk induces an isomorphism on 7ri(— ), (2) follows from (1). 

□ 

Proposition 5.10. Suppose K is a knot satisfying Jgi aK{w)dw = 0. If G is a torsion- 
free group, then for any (j): iti{M) — >■ G, we have p'^'^^{M,4>) — p^'^\M{a,K),(j) o Hk^). 

Proof. As in the proof of Proposition l5.9l we have 

p^^^\M{a,K),^ohK.) = p'^''\M,4>)+ p^^^\Nk,^') 
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Since G is torsion-free, 4>' is either trivial or onto the infinite cyclic subgroup generated 
by (/'([a]). In the former case, p^'^\Nk,4>') = 0. In the latter case, p^'^\Nk,4'') — 
Js^ (w) dw by [UOT04[ Proposition 5.1]. From this the conclusion follows. □ 

Now, Theorem 1 1.2 1 in the introduction follows from our results in this section: for the 
hyperbolic 3-manifolds Mk^ given in Theorem 15. 6[ it follows that Theorem ll.2l (1). (2), 
(3), and (4) hold, respectively, from Proposition 15.41 Proposition 15. 101 Proposition 15.71 
and Theorem 15.61 

Appendix A. Local groups and local modules 

For completeness, we prove a result about local groups and modules used in Section [3] as 
Proposition 13.21 

We excerpt contents in this appendix from a manuscript in preparation by the au- 
thors |C0| , which gives a much more thorough treatment of the theory of localization of 
spaces, groups and modules and its role in the study of manifolds and knots. 

Throughout, R denotes a commutative ring with unity. 

Definition A.l. A module A over the group ring RG is called a Cohn local module if 
the following holds: for any diagram 



/ 

A 

with Fq, Fi finitely generated free i?G-modules of the same rank and a a homomorphism 
inducing an isomorphism In® a: R(E)rgF Ri^rgF, there is a unique homomorphism 
g: Fi ^ A making the diagram commute, i.e., / = ga. 

For a discussion related to the above definition, see |C012[ Section 2 and Appendix A] . 

Theorem A. 2. Suppose T is an R-local group and A is a Cohn local module over RT. 
Given any extension as below, 

— > A — — — ^1 

then r is an R-local group. 

One proves the following result, used in the proof of Theorem lA.ll by a standard 
partial chain contraction argument originally due to Vogel. (See also |Smi78j . where a 
special case is proven using a different, but related, method.) 

Lemma A. 3 (Vogel |Vog82| ). Suppose A is a Cohn local RG-module and C* is a chain 
complex over RG with Ci finitely generated free for i < n. If Hi{R iSirg C**) — for 
i < n, then H,{A (g)RG C*) = = i7*(Hom(C,, A)) for i < n. 

Since the argument has been presented and used in several papers (e.g, see |Vog82[ Sec- 
tion 9.2], (Lev94[ Proof of Propositon 3.2 on p. 95], |COT03[ Proof of Proposition 2.10]), 
we omit the proof of Lemma IA.3I 
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Proof of Theorem \A.2\ Suppose 







A 



r 



1 



is exact, where T is an i?-local group and A is a Colin local module over RT. Suppose 
a: TT ^ G is a group homomorphism in il^, that is, tt and G finitely presented and a 
is i?- homology 2-connected. Suppose / : tt — > F is given. We will show there is a unique 
g: G satisfying / = ga. 

Let /' ~ pf- Since F is local, there is a unique g' : G — > F such that /' — ag' . Taking 
pullback of /' and g' along F F, we obtain tt — >■ F and G — > F which, together with 
other obvious maps, give the following commutative diagram with exact rows: 



^ ^ 



G^ 1 




By the universal property of pullback, / gives rise to a splitting s : tt — > tt. Similarly, 
homomorphisms g: G — >■ F satisfying f — ga are in 1-1 correspondence with splittings 
G ^ G which is compatible with s. 

Let c G -ff^(F; A) be the element which correponds to the extension F of F. Then, the 
above extensions tt and G corresponds to the images of c under the induced maps on 
HH-.A): 

H^{tt;A) H^{G-A) 



H'^{V-A) 



Since tt ^ tt splits, f'*{c) = 0. By Lemma [Ol i?*(G, tt; A) = for i < 2 since a is R- 
homology 2-connected. Therefore a* on H^{—\ A) is injective. It follows that g'*{c) = 0, 
that is, G G splits and so G is a semidirect product of A and G. 

Now the splittings G ~> G are classified by H^{G; A). Again by Lemma [A. 3[ a gives 
rise to an isomorphism H^{G; A) H-^{tt; A). Therefore, splittings of tt — >■ tt and those 
of G — ?• G are in 1-1 correspondence. It follows that there is a unique splitting G — ?• G 
which is compatible with s, and the induced homomorphism g: G T is exactly the 
desired one. This shows that F is i?-local. □ 



For the application of Theorem IA.2I that we needed in Section [Sj the following two 
examples of Cohn local modules are useful. 

Lemma A. 4. If A is an RG-module with trivial G-action, then A is a Cohn local module. 

Proof. From the assumption it follows that A = R (i^Ro ^ as i?G-modules. If / and a 
are as in Definition lA.li then the composition 



9- Fi 



Ri 



Fi 



-> R Fo R ^RG A 
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is the required unique homomorphism. □ 

Recall that Z*2') is the abelian group Z(2) with the Z-action given by negation. 

Lemma A. 5. Suppose R is a subring of 1^2)- Then Z*2j is a local R\L]-module. 

Proof. Suppose / and a are as in Definition lA.il Let A{t) be a square matrix over R[t^^] 
representing a, where f is a generator of the group Z. Then Ail) is invertible in R since 
a induces an isomorphism R Fq —i' R Fi. Therefore detA(l) e i? is a unit, 

that is, the numerator of det A{1) is odd. Since det A{1) — dot A{—1) is of the form 2 • r 
for some r G i?, it follows that det A(— 1) has odd numerator too, that is, det A(— 1) is 
a unit in Z(2)- Since A{—1) represents a := 1^*^^ O a: Z*2) ®r[z] Fq — ?• TJj^^) ®-R[z] ^i; it 
follows that a is an isomorphism. 

It is easily seen that the homomorphism Z*2) — > Z*2) ^itp] Z*2) defined hy a ^ 1 ® a 
is an isomorphism, with inverse a (X> 6 — > ab. Now, the composition 

g: Fi — > Z*2) 'S)R[z] Fi ^ — > I^f^^) ®-R[z] > ^(2) ®-R[z] ^(2) - ^(2) 

is a unique homomorphism such that f = ga. □ 

Proof of Proposition VJ.SX Recall that F is given as the extension 

1 > Z(2)/Z — >f > (Z|2))^ XI Z — >l. 

By Lemma [A . 5 1 and Thcorcm lA.2i G := x ^ is i?-local. Since the above extension 

is central, Z(2)/Z is an i?G-local module by Lemma [A. 41 By Theorem IA.21 it follows 
that r is i?-local. □ 
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